We develop a linked cluster method to calculate the spectral weights of many-particle excitations at zero temperature. The dynamical structure factor is expressed as a sum of ''exclusive'' structure factors, each representing contributions from a given set of excited states. A linked cluster technique to obtain high-order series expansions for these quantities is discussed. We apply these methods to the alternating Heisenberg chain around the dimerized limit (ϭ0), where complete wave vector and frequency-dependent spectral weights for one-and two-particle excitations ͑continuum and bound states͒ are obtained. For small to moderate values of the interdimer coupling parameter , these lead to extremely accurate calculations of the dynamical structure factors. We also examine the variation of the relative spectral weights of one-and two-particle states with bond alternation all the way up to the limit of the uniform chain (ϭ1). In agreement with Schmidt and Uhrig, we find that the spectral weight is dominated by 2-triplet states even at ϭ1, which implies that a description in terms of triplet-pair excitations remains a good quantitative description of the system even for the uniform chain.
I. INTRODUCTION
Controlled and systematic calculation of dynamical properties of quantum lattice models remains a challenging computational task. Despite much recent progress in developing computational methods, such as the density-matrix renormalization group, quantum Monte Carlo, and series expansions, the dynamical properties, especially those associated with multiparticle excitations, remain poorly understood. In many systems, these multiparticle excitations have relatively small spectral weights. But in low-dimensional systems, they can become extremely important and even dominate the spectral functions. The increased frequency and wave vector resolution of various dynamical experiments, especially neutron scattering, necessitates going beyond the single-particle picture and obtaining quantitatively accurate results for the full dynamical structure factors.
One effective way to study quantum lattice models has been by using high-order power-series expansions in a suitable coupling constant. These methods have long been used to study ground-state properties and elementary excitation spectra. Recently, they have been extended to multiparticle excitation spectra as well. [1] [2] [3] In particular, the linked cluster expansion method 4 is a particularly efficient way to carry out these calculations, which provides substantial internal checks on the validity of the expansions, and allows one to carry out the calculations by automated computer programs.
Here, we develop a general linked-cluster formalism to calculate the single-particle and multiparticle contributions to the dynamical structure factor. We apply the method to the alternating Heisenberg chain ͑AHC͒, where expansions are done around the strong coupling limit of decoupled spin dimers up to 14th order in the ratio of coupling constants. We calculate various properties of the multiparticle continuum and bound states for a number of parameters including those appropriate for the material Cu(NO 3 ) 2 •2.5D 2 O, which has recently been studied by neutron scattering. 5, 6 The alternating Heisenberg chain is an excellent test bed for our present purposes. It is a simple isotropic spin system with a finite energy gap ͑see Sec. III͒. The ground state is a spin singlet, and the lowest excitations are Sϭ1 triplet states. Above this band of 1-particle states there lies a 2-particle continuum. It was noted recently [7] [8] [9] that there are also 2-particle bound states with both Sϭ0 and Sϭ1 below the continuum, as well as quintuplet antibound states above it. Trebst et al. 1, 10 found, in fact, that over a wide range of parameters there exist two singlet and two triplet bound states near the Brillouin zone boundary kdϭ ͑where d is the interdimer spacing͒. Hence the model displays some interesting multiparticle dynamics which can be explored both theoretically and experimentally. Neutron-scattering experiments, however, will only be sensitive to the triplet bound states, which is what we focus on here.
There has been much discussion in the literature [11] [12] [13] [14] about the behavior of the alternating chain as it approaches the uniform limit, which is a critical point of the model. The uniform chain is gapless, and is known to exhibit ''spinon'' excitations. The alternating chain is gapped, and is described in terms of triplet excitations. The debate has concerned the behavior of the model near the uniform limit, and how the transition is made from the ''triplet'' mode of description to the ''spinon'' mode. We discuss these questions further in Sec. IV. We also directly obtain series expansions for sum rules representing the total contributions of two-particle excitations to the dynamical structure factor summed over all wave vectors. Comparison of these with the static structure factor and the one-particle spectral weights, and extrapolations using approximant methods, leads to the conclusion that just keeping the 1-and 2-particle excitations leads to a highly accurate description of the full dynamical structure factor, and this description remains quantitatively valid even in the uniform chain limit.
The plan of this paper is as follows. First, we discuss the formalism for calculating spectral weights using the linked cluster method. This is followed by detailed calculations of the spectral functions for the alternating Heisenberg chains. These are followed by our conclusions.
II. FORMALISM
We follow the formalism of Tennant et al. 6 The inelastic neutron-scattering cross section is proportional to the ''dynamical response'' S ␣␤ (k,) where k is the wave vector transfer, F(k) is the magnetic form factor, N is the number of scattering centers, k i and k f are the momenta of initial and final neutron states, respectively, and ␣ϭx,y,z are Cartesian spin coordinates. The dynamical response is the space and time Fourier transform of the spinspin correlation function
where i and j label sites of the system. At temperature T ϭ0, the dynamical response becomes
where ͉ 0 ͘ is the ground state of the Hamiltonian. This quantity is referred to as the neutron-scattering ''structure factor.'' For the alternating Heisenberg chain, spin conservation and isotropy in spin space ensure that S ␣␤ ϭ0 for ␣ ␤, and all diagonal spin components are equivalent,
and S xx ͑ k, ͒ϭ
Henceforth we concentrate our attention on S Ϫϩ (k,).
A. Integrated structure factor
Integrating Eq. ͑2͒ over energy, we get
͑6͒
which is just the Fourier transform of the spin-spin correlation function at tϭ0. By translation invariance,
where i* labels the position of i within the unit cell. In the present case, the unit cell consists of a single dimer. Therefore
We shall refer to this quantity as the integrated structure factor.
B. Exclusive structure factors
Inserting a complete set of eigenstates ͉ ⌳ ͘ of H between the spin operators in Eq. ͑3͒, we can express the spin structure factor as a sum over ''exclusive'' structure factors
where
͑10͒
Each exclusive structure factor S ⌳ Ϫϩ (k,) gives the intensity of scattering from ͉ 0 ͘ to a specific triplet excited state ͉ ⌳ ͘.
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In the Heisenberg picture
gives trivial exponentials in t, so the time integral simply gives an energy-conserving ␦ func-
͑11͒
Assuming the states ͉ ⌳ ͘ are eigenstates of momentum, the matrix elements of the spin operators at translationally equivalent sites are equal modulo a plane wave
͑12͒
Then the sum over all sites i can be reduced to a sum over sites i* in the unit cell
͑13͒
where N c is the number of unit cells on the lattice. It is convenient to define the ''reduced exclusive structure factor'' as
͑14͒
If we sum over momenta, we obtain the autocorrelation function
made up of exclusive contributions
For the 2-particle continuum, one can also obtain the total autocorrelation function ⌽ ⌳ ϭ ͚ ⌽ ⌳ ().
We turn now to a discussion of algorithms for the calculation of exclusive structure factors within the perturbation theory. Efficient linked cluster expansion methods have long been known 4, [17] [18] [19] for calculating bulk properties of a quantum lattice system. Similar methods for the calculation of 1-particle spectra were developed by Gelfand, 20 and were extended to 2-particle spectra by Trebst et al. 1, 2 Series methods for the calculations of exclusive 1-particle structure factors or spectral weights have been developed previously, 21 and have been applied in several places ͑e.g., Refs. 22, 9, and 23͒. In this formalism, a cluster expansion was carried out directly for the structure factor itself. This formalism is inapplicable to the 2-particle bound states, however, because one needs to know the wave function of these states beforehand. Some leading-order hand calculations for 2-particle states have recently been made. 6, 16 The method proposed here performs a cluster expansion for the ''exclusive matrix elements,'' solving the effective 2-particle Hamiltonian to generate the required wave functions implicitly. A short paper giving some of our results has appeared recently. 24 We also note at this point that Knetter et al. 3 have used an alternative approach based on ''continuous unitary transformations'' which is also capable of giving bound-state energy spectra and structure factors to high order and in great detail, but this approach is more suitable to the lowdimensional case.
Let us suppose that the Hamiltonian can be decomposed
where H 0 is the unperturbed Hamiltonian and V is to be treated as a perturbation. We aim to expand the multiparticle dispersion relations and structure factors in powers of the parameter . For illustrative purposes, we shall use the language of the AHC, but the formalism can be applied more generally.
C. 1-particle states
At zeroth order, the ''single-particle'' excitations in this model consist of triplet excitations on a single dimer which can be labeled ͉ ⌳ (m)͘, where m is the position of the excited dimer, and ⌳ labels the angular momentum eigenstate ͓i.e., S 2 ,S z , in this case for AHC, the label ⌳ must correspond to the (S,S z )ϭ(1,1) state͔. In momentum space, the eigenstates will be
This labeling can be retained at higher orders in perturbation theory as is raised from zero. Then the matrix element
͑19͒
It follows from translation invariance that the matrix ele-
Ϫr m ) only, i.e., we can define the exclusive matrix elements
where ␦ is the distance between i and m, ␦ϭr i Ϫr m , and i* labels site i within the unit cell as before. The reduced exclusive structure factor is
D. 2-particle states
Since two triplets can combine to give total spin 1, there will also be nonzero spin structure factors for 2-particle states. The 2-particle states can be labeled according to their unperturbed counterparts in position space ͉ ⌳ (m,n)͘, where m,n label the two dimer positions, and ⌳ the corresponding total 2-particle angular momentum states. Eigenstates of the Hamiltonian can then be expanded
where f ⌳ (r m Ϫr n ) is the 2-particle wave function, which only depends on the relative distance r m Ϫr n . Similarly, one can define the 2-particle exclusive matrix elements
͑23͒
The translation invariance implies that ⍀ ⌳ 2p (i;m,n) only depends on the relative distance between m, n, and i, i.e.,
where rϭ(2r i Ϫr m Ϫr n )/2 and ␦ϭr m Ϫr n .
Then, we can get the reduced 2-particle exclusive structure factor as
͑25͒

E. Cluster expansion
It is easy to see that the exclusive matrix elements ⍀ ⌳ 
where the sum over ␥ denotes a sum over all connected clusters. Correspondingly, the perturbation series expansion for ⍀ ⌳ could be formulated in terms of a diagrammatic expansion where only connected diagrams contribute, although we will not elaborate on this approach here. An efficient linked cluster algorithm for calculation of the structure factors can now be formulated, following Trebst et al. 1, 2 ͑i͒ Generate a list of connected clusters ␥ appropriate to the problem at hand ͑in the present case, they will simply consist of chains of dimers of different lengths͒.
͑ii͒ For each cluster ␥, construct matrices for the Hamiltonian H and spin operators S i ϩ in the basis of singlet and triplet dimer states corresponding to H 0 .
͑iii͒ ''Block diagonalize'' the Hamiltonian by an orthogonal transformation
as outlined by Trebst et al., 1, 2 constructed order by order in perturbation theory so that the 1-particle states sit in a block by themselves, and similarly the 2-particle states, etc.; with this one can compute the exclusive matrix elements ⍀ ⌳ .
͑iv͒ Subtract all subcluster contributions to get the cumulant ⍀ ⌳ (␦).
͑v͒ Insert the cumulant ⍀ ⌳ (␦) in Eq. ͑28͒, and hence one can build up the exclusive matrix elements for the bulk system.
͑vi͒ For the 1-particle case, one can insert the exclusive matrix elements into Eq. ͑21͒ to get the series for the exclusive structure factors. For the 2-particle case, one still needs to solve the effective 2-particle Hamiltonian to get the wave functions f ⌳ for the possible bound states and continuum: this can be done by using the finite lattice approach. 2 To get the series solution rather than the numerical solution for the wave functions f ⌳ and the 2-particle dispersion relation, one has to use degenerate perturbation theory. With the results for exclusive matrix elements ⍀ ⌳ and wave functions f ⌳ in hand, one can get the exclusive structure factor S ⌳ through Eq. ͑25͒.
III. RESULTS FOR THE ALTERNATING HEISENBERG CHAIN
We apply this method to investigate the spectral weights of the alternating Heisenberg chain, which can be described by the following Hamiltonian:
where the S i are spin-1 2 operators at site i, and is the alternating coupling. Here we assume that the distances between neighboring spins are all equal and the distance between two successive dimers is d, and assume dϭ1 if it does not appear explicitly ͑note this is different from our previous paper, 10 where we had taken the lattice spacing a to be 1͒.
There is a considerable literature on this model, which has been reviewed recently by Barnes et al. 16 At ϭ0, the system consists of a chain of decoupled dimers, and in the ground state each dimer is in a singlet state. Excited states are made up from the three triplet excited states on each dimer, with a finite energy gap between the singlet ground state and the triplet excited states. This scenario is believed [25] [26] [27] to hold right up to the uniform limit ϭ1, which corresponds to a critical point. At ϭ1, we regain the uniform Heisenberg chain, which is gapless.
Several theoretical papers [11] [12] [13] [14] have discussed the approach to the uniform limit. Analytic studies of the critical behavior near ϭ1 11 have related the alternating chain to the 4-state Potts model, and indicate that the ground-state energy per site ⑀ 0 () and the energy gap ⌬() should behave as
as →1, where ␦ϭ(1Ϫ)/(1ϩ). The logarithmic terms are due to the existence of a marginal variable in the model. Numerical studies of the model include series expansions, 23, 25, 26 and exact diagonalizations for finite lattices. 28, 29 Recently, Papenbrock et al. 30 have carried out density-matrix renormalization-group studies on lattices up to 192 sites in extent. They conclude that the data for the ground-state energy and triplet energy gap are consistent with Eq. ͑31͒, but with surprisingly large scale factors ␦ 0 in the logarithms. Dlog-Padé analysis of the series supports these conclusions. 23 The 2-triplet bound states were previously studied by Uhrig and Schulz 7 using a random-phase-approximation approach. They found a singlet bound state below the 2-particle continuum for all momenta k and over the whole range of 1ϾϾ0. They also predicted a triplet bound state and a quintuplet antibound state near kdϭ for small . These conclusions were supported in later studies.
8,9,31 Barnes TABLE I. Series coefficients for the integrated structure factor S(k)ϭ ͚ n,m a n,m m cos(nkd/2). Nonzero coefficients a n,m up to order m ϭ13 are listed.
(n,m) a n,m (n,m) a n,m
TABLE II. Series coefficients for the exclusive structure factors of the 1-particle triplet state S 1 p (k)S 1 p (k)ϭ ͚ n,m a n,m m cos(nkd/2). Nonzero coefficients a n,m up to order mϭ13 are listed.
(n,m) a n,m (n,m) a n,m ͑0,0͒ III. Series coefficients for the integrated structure factor S(k), the exclusive 1-particle structure factor S 1p (k), and the total 2-particle structure factor S 2p (k) at kdϭ,2, together with the structure factors ͓S T 1 (k), S T 2 (k), and S 2pc (k)] for 2-particle bound states T 1 and T 2 , and 2-particle continuum at kdϭ, the autocorrelation function of 1-particle (⌽ 1p ) and 2-particle states (⌽ 2p ), the average relative weight for 2-particle states (W 2p ), and R, R 1p , and R 2p . Series coefficients of m up to order mϭ13 are listed. et al. 16 and Tennant et al. 6 have shown how to calculate exclusive structure factors for the 2-particle states by low-order series expansions in , and have made a comparison with experimental data for the copper nitrate material Cu(NO 3 ) 2
•2.5D 2 O. They find that the experimental data are consistent with the existence of a bound state, but do not yet constitute definitive proof of it. They highlight the need for more powerful perturbative techniques to calculate these multiparticle cross sections: the present paper is aimed at meeting this need. 24 We have recently made an extensive study of the two triplet bound states of this model using high-order series expansions. 1, 10 We found that in fact there are two singlet (S 1 and S 2 ) and two triplet (T 1 and T 2 ) bound states below the two-particle continuum, and two quintet antibound states (Q 1 and Q 2 ) above the continuum, for not too large. Meanwhile, Schmidt and Uhrig 32 have used a different technique, the ''continuous unitary transformations'' ͑CUTS͒ method, to study the model at high orders in perturbation theory. We shall compare our results with theirs in what follows.
Here we study the structure factors using series expansions. We have computed, up to order 13 , the series for the integrated structure factor S(k) and the exclusive structure factors for the 1-particle triplet state S 1p (k). For the 2-particle states, we also computed the total 2-particle structure factor S 2p ͑summed over all 2-particle states͒ up to order 13 , and to order 12 for the exclusive matrix elements ⍀ ⌳ 2p (r,␦). With these we can compute the structure factors for the 2-particle triplet bound states ͑i.e., S T 1 for T 1 and S T 2 for T 2 ,͒, and for the 2-particle continuum S 2pc up to order 14 . Integrating the structure factor over momentum k, we can also compute the series for the autocorrelation function defined in Eq. ͑15͒. We have computed the autocorrelation functions for the 1-particle (⌽ 1p ) and 2-particle sectors (⌽ 2p ), and the individual autocorrelation functions for 2-particle bound states T 1 (⌽ T 1 ) and T 2 (⌽ T 2 ) and the 2-particle continuum (⌽ 2pc ). Full series for S(k) and S 1p (k) are given in Tables I and II . Some other selective series ͑at kd→0, kdϭ, and 2) are given in Table III , other series are available on request.
The 1-particle structure factor has been computed to order 3 by Barnes et al., 16 but our series disagree with their results from second order. In their calculation, they neglect the first term in their Eq. ͑56͒; they claim this term is zero due to a symmetry relation, but actually this only holds in leading order. Recently Müller and Mikeska 33 have extended the series for the 1-particle structure factor S 1p (k) to order 10 , and our series agree with theirs. The autocorrelation functions for 1-particle (⌽ 1p ) and 2-particle (⌽ 2p ) states have been recently computed up to order 7 by Schmidt and Uhrig, 32 and our results also agree with theirs, but extend the series by up to six terms. As a by-product of our calculation, we have computed the series for 1-triplet excitation spectra up to order 13 , and the series for 2-triplet excitation spectra up to order 12 . This extends the previous calculations 10 by two terms for 1-triplet excitation spectra, and by 1 term for 2-triplet excitation spectra. These series are available on request. We use Dlog Padé approximants and integrated differential approximants 34 to obtain numerical results up to ϭ1.
A. The integrated structure factor S
The integrated structure factor S ͑we drop the superscripts Ϫϩ henceforth͒ has been computed up to order 13 . It can be expressed as
͑32͒
The series coefficients a n,m are given in Table I . Note that there are two general relations for these coefficients:
͚ nϭ1 2mϩ1 a n,m ϭ0, a 2m,m ϭϪ2a 2mϩ1,m . ͑33͒
With this, one can easily prove that S(k) can be written in the following form with a common factor sin 2 (kd/4) at all orders:
where one of the coefficients b 2mϪ1,m happens to be zero always for any m, due to the second relation in Eq. ͑33͒. For example, the series up to order 4 can be written as
͑35͒
To analyze the series S(kd), we first consider S(kd) near two special momentum points, kdϭ0 and kdϭ2. We know that Sϭ0 at kϭ0, but it is interesting to study how it vanishes as k→0. For small , it is trivial to see from Eq. ͑35͒ that Sϰk 2 as k→0. Thus we can define R ϭlim kd→0 S(kd)/(kd) 2 , and the series for R is given in Table  III . Applying Dlog-Padé approximants to this series, we find that R diverges at ϭ1, with a critical index about Ϫ0.71 ͑within the accuracy of our calculations this is consistent with a value of 2/3 with logarithmic corrections͒. This implies that for the uniform chain, ϭ1, S(kd) no longer vanishes quadratically with k. Naively, one might then expect it to vanish linearly as k→0: some evidence for this is shown in Fig. 1 .
For the uniform chain ϭ1, and near kd→2, Affleck has argued 35 the asymptotic form for S(kd) as
.
͑36͒
This implies that for kdϭ2 and as →1, the asymptotic form for S(2) diverges as
If so, one should be able to see a critical point at ϭ1 with critical index Ϫ1 if one applies Dlog-Padé approximants 34 to the series ‫ץ‬S 2/3 ‫.ץ/‬ This is indeed the case as we can see from Table IV . Note, however, that very similar results are obtained for any index between 3/2 and 1, so this is not a very sensitive test.
Assuming that the above asymptotic form for S(2) is correct, we can also estimate the prefactor of this asymptotic form by using integrated different approximants 34 to extrapolate the series for S(2)/͓1Ϫln(1Ϫ)͔ 3/2 to ϭ1. The result is
The prefactor agrees with Affleck's prediction of 8/3 (2) 3/2 ϭ0.169 32. For 0ϽkdϽ2, one expects S to be finite for any . The results for S versus momentum k for ϭ0, 0.6, and 1 are shown in Fig. 1 . Note that ͐ 0 2 S(k)dkϭ2 ͑here we set d ϭ1), independent of , so the area under each curve is the same. Also shown in the figure are the results for SЈ ϵ6S͓Ϫ2 ln(1Ϫk/2)/k͔ Ϫ3/2 at ϭ1. For fixed values of k, Fig. 2 shows the integrated structure factor S vs , where for each value of k, about 20 different integrated differential approximants to the series are shown. We can see that the results converge very well out to ϭ1. The logarithmic divergence as →1 for the case kd ϭ2 is clearly evident.
B. The 1-particle spectral weight
The exclusive 1-particle structure factor S 1p (kd) has been computed up to order 13 . S 1p can also be expressed as
The series coefficients a n,m are given in Table II . The coefficients a n,m also satisfy Eq. ͑33͒, and S 1p (kd) also has a common factor sin 2 (kd/4) for all orders. The series up to order 4 can be written as
͑40͒
Let us analyze the behavior of S 1p when →1. For kd ϭ2, our analysis shows that S 1p is finite as →1, so S 1p /S vanishes like 1/͓Ϫln(1Ϫ)͔ 3/2 . For the case kdϭ0, we again define R 1p ϵlim kd→0 S 1p (kd)/(kd) 2 ͑note that R 1p differs from R from order 4 ). The Dlog-Padé approximants to R 1p show that it diverges at ϭ1 with critical index about Ϫ0.71. This again implies that for the uniform chain case (ϭ1), S 1p no longer vanishes as k 2 . Now let us analyze the series for the relative spectral weight R 1p /R. The Dlog-Padé approximants to the series R 1p /R show no singularity near ϭ1. This means that as →1, R 1p /R remains finite. Our extrapolations show R 1p /Rϭ0.993(1) at ϭ1.
For 0ϽkdϽ2, the analysis of the series S 1p by the Dlog-Padé approximants shows that it vanishes with a be- havior close to (1Ϫ) 1/3 . Since S remains finite, we thus expect that S 1p /S vanishes like (1Ϫ) 1/3 . This agrees with the analysis of Schmidt and Uhrig, 32 who argued that the 1-particle spectral weight should vanish like ͱ⌬, i.e., like
, where ␦ϭ(1Ϫ)/(1ϩ). Figure 3 shows the relative 1-particle weight S 1p /S vs at selected values of kd. It can be seen that for any nonzero value of k, S 1p /S decreases abruptly to zero as →1. Only at kdϭ0ϩ, does S 1p /S remain finite ͑about 0.993͒ in the limit ϭ1; but by then S has itself decreased to zero. The overall picture that emerges is that as →1 the triplet energy gap goes to zero, and the spectral weight associated with the 1-triplet state also vanishes. 23 This would seem to agree with the idea that the ''spinons,'' rather than the triplet states, act as the elementary excitations in the model in the uniform limit →1. Figure 4 shows the relative 1-particle weight S 1p /S versus k for ϭ0.27,0.5,0.7,0.8,0.903 67, where ϭ0.903 67 is the estimated coupling for CuGeO 3 . 7 For ϭ0.903 67, we can see that S 1p /S is about 1 for small k, and has a minimum around kdϭ1.6 with value 0.43, whereas Uhrig and Schulz 7 estimated S 1p /Sϭ0.28.
C. The 2-particle spectral weight
As we mentioned before, there are two triplet bound states (T 1 and T 2 ) in this system. Before we discuss the spectral weight for individual states, let us first discuss the total spectral weight ͑the sum rule͒ for all 2-particle states.
The total 2-particle spectral weight
The total 2-particle structure factor (S 2p ) has been computed up to order 12 . This quantity S 2p (kd) also has a common factor sin 2 (kd/4) for all orders, and the series up to order 4 can be written as TABLE IV. ͓n/m͔ Dlog-Padé approximants to the series for ‫ץ‬S 2/3 ‫ץ/‬ and ‫ץ‬S 4/5 ‫ץ/‬ at kdϭ2, for ⌽ 1p , and for ‫ץ‬⌽ 2p ‫.ץ/‬ The position of the singularity ͑pole͒, the critical index ͑UBR͒ from unbiased approximants, and the critical index from biased approximants ͑BR͒ are given. An asterisk denotes a defective approximant. 
͑41͒
Here S 2p ϰk 2 in the limit k→0, and so we again define R 2p ϵlim k→0 S 2p (kd)/(kd) 2 . Note that R 2p is nonzero from order 4 , while S 2p with k 0 is nonzero from order 2 . Figure 5 shows the total 2-particle weight S 2p /S versus k for various . For large , S 2p /S has a maximum around kdϭ1.6. For ϭ0.6, it has a value of about 0.1848 at its maximum, while the value for kϭ0 is only 0.001 77, about 100 times smaller than the maximum.
For fixed values of k, Fig. 6 shows the relative total 2-particle weight S 2p /S vs for kdϭ/2, , 3/2, and 2. We can see that there are some sharp increases near ϭ1 which make it difficult to estimate the results; nevertheless, we estimate, that at ϭ1, the 2-particle states have about 90% of the total weight at kdϭ3/2, about 80% of the weight at kdϭ2, about 65% of the weight at kdϭ, and only about 10% of the weight at kdϭ/2. We also show the results for 15S 2p /( 2 S) in the special case kϭ0, which shows quite different behavior from other k values in this figure: as increases, it increases first, then decreases, so that the relative weight at ϭ1 is tiny ͑less than 0.5%͒. This agrees with the fact that the relative weight for the 1-particle state, R 1p /R, is almost 99.27% at ϭ1 for this value of k.
Subtracting the weight of 1-and 2-particle states from the total weight, one can obtain the remaining weight (SϪS 1p ϪS 2p )/S for states of more than two particles. The results for various are shown in Fig. 7 . For small , the remaining weight increases as k increases, while for larger , it develops a peak near kdϭ1.5, and the remaining weight near kdϭ2 decreases as increases. These weights are tiny, as can be seen, but increase with .
The individual weights for triplet bound states and continuum
For the bound state T 1 , we can obtain an analytic expression for its structure factor up to order 3 ,
where the 2 term agrees with that obtained by Barnes et al. 6 As a by-product of our calculations, we also get an analytic expression for the coherence length 2 which is defined as
where f r is the amplitude ͑the eigenvector͒ for two singleparticle excitations separated by distance r ͓see Eq. ͑22͔͒. The result up to order 2 for bound state T 1 is
With these expressions, one can determine the critical momentum k c where S T 1 or 1/L T 1 vanishes. For both S T 1 or 1/L T 1 , one gets the same k c as
This agrees with previous results obtained from the twoparticle binding energy. 10 Expressions ͑42͒ and ͑44͒ are valid within these regions of momentum. In the limit k→k c , the behaviors of S T 1 (k) and 1/L T 1 are
So as k→k c , S T 1 (k) and 1/L T 1 are proportional to (k Ϫk c ), whereas the binding energy is proportional to (k Ϫk c ) 2 .
10
Integrating S T 1 in Eq. ͑42͒ over the momenta given in Eq. ͑45͒, one can get the autocorrelation function for T 1 as
͑48͒
Since the bound state T 2 only appears at kdϭ in the small limit, we cannot get a similar analytic expression for it, nor for the 2-particle continuum. But the series for exclusive 2-particle matrix elements ⍀ ⌳ 2p have been computed up to order 12 , and with this one can compute numerical results, for any given value of k, for the exclusive structure factor of the 2-particle triplet bound states (T 1 and T 2 ) and 2-particle continuum through the finite lattice approach. 10 We can also get some series in for the structure factor over those momenta k where the bound states appear in the limit →0, and the series for kdϭ are given in Table III. The relative spectral weights for T 1 and T 2 vs k are shown in Figs. 8 and 9 for several values of . The weight for T 1 is nonzero only over a finite range of momentum where the bound state exists. In the limit →0, S T 1 /S has a maximum at kdϭ4 arccos͓ͱ(5Ϫͱ3)/8͔ϭ1.117, and as increases, the maximum position k 0 d moves towards k 0 dϭ. The results for k 0 d as a function of are given in Fig. 10 . The relative spectral weight for T 2 exhibits an interference zero near kdϳ, which can be traced back to the bound-state wave function for →0, where the two triplets are separated by an odd number of dimers. 10 The position of this zero shifts to smaller k as increases, and is also shown in Fig.  10 . Another interesting feature here is that the spectral weight vanishes like (kϪk c ) 2 as k→k c , rather than (k Ϫk c ) as we have seen in Eq. ͑46͒. Also shown in Fig. 10 is the location of the maximum relative weight for T 2 .
The remaining weight for the 2-particle continuum S 2pc is shown in Fig. 11 . These curves show a dip near kdϭ, because the bound states absorb some of the weight in that region.
D. Complete dynamical structure factor
The complete dynamical structure factor for ϭ0.27 was presented in our earlier paper. 24 The dynamical structure factor for the 2-particle continuum at ϭ0.5 is given in Fig. 12 . A notable feature is the spike which develops as a bound state enters the continuum, discussed more fully in Ref. 24 . We will be happy to provide the complete dynamical structure factor for the AHC model for any value of , if requested.
Given the structure factor, one can also compute, for 2-particle states, the energy centroid ͗͘ and the width ⌬ which are defined as 
where S 2 (,k) is the structure factor of the 2-particle states, including both the 2-particle bound states and 2-particle continuum. These quantities can be extracted readily from experiments. Our results are given in Figs. 13 and 14 for various . We can see that ⌬ has a nonzero minimum near kdϭ, reflecting the presence of strong 2-particle bound states and a weak and narrow 2-particle continuum.
E. Autocorrelation function
Finally, we discuss the results for the spin autocorrelation functions. First, let us discuss the critical behavior as →1. Schmidt and Uhrig 32 argued that the critical behavior for the total auto correlation function ͑summed over ) of the 1-particle state ⌽ 1p and 2-particle states ⌽ 2p should be
modulo logarithms, as for the structure factors.
To verify these behaviors, we have applied Dlog-Padé approximants to the series, and the results obtained from unbiased and biased Dlog-Padé approximants are shown in Table  IV . For ⌽ 1p , the results are consistent with Eq. ͑51͒. Assuming this behavior, we can estimate the prefactor using integrated differential approximants. The result is
͑53͒
For ⌽ 2p , however, the results are more ambiguous. The unbiased Dlog-Padé approximants to ‫ץ‬⌽ 2p ‫ץ/‬ tend to exhibit defects for Ͻ1, and the biased critical index for ‫ץ‬⌽ 2p ‫ץ/‬ is about Ϫ0.6, slightly smaller than Ϫ2/3. This might be due to an extra logarithmic correction. The various autocorrelation functions vs are shown in Fig. 15 , where one can see that ⌽ 1p vanishes at the limit ϭ1, while (1Ϫ) Ϫ1/3 ⌽ 1p increases almost linearly as increases. The curve for (⌽ 1p ϩ⌽ 2p ), if we assume it is nonsingular at ϭ1 ͑i.e., the singularities in ⌽ 1p and ⌽ 2p cancel exactly͒, runs almost flat with once we neglect unphysical and defective approximants: this would indicate that the 2-particle sector accounts for about 99.8% of the weight, even at ϭ1, which agrees almost exactly with the conclusions of Schmidt and Uhrig. 32 Remarkably, this is much higher than the fraction of 73% for the two-spinon continuum at ϭ1 calculated by Karbach et al. 36 from the exact solution. The result that sectors with more than 2 particles account for very little weight can be further understood from Fig. 7 , where we can see that the remaining spectral weight near kdϭ2 for states of more than two-particles actually decreases with , for large . Also shown in Fig. 15 is the direct extrapolation of the 2-particle autocorrelation ⌽ 2p using integrated differential approximants. These extrapolations assume that there is no singularity in ⌽ 2p at ϭ1, and the results give a somewhat smaller value of about 0.9 at ϭ1. For the bound states, the autocorrelation function for T 2 increases, and reaches its maximum around ϭ0.6, then decreases, while the autocorrelation function for T 1 continues to increase as far as we can follow it. We presume that ⌽ T 1 will also vanish as →1.
The autocorrelation function for the 2-particle continuum ͓⌽ 2pc ()͔ is shown for various in Fig. 16 . The major feature is a spike at ϳ2 which becomes more prominent as increases. This spike is due to contributions from the region around kdϭ near the lower threshold of the dispersion curve. It becomes divergent as →1, and matches rather neatly with a logarithmic divergence at ϭ/2 discovered in the 2-spinon continuum by Karbach et al. 36 Unfortunately, we cannot compute an explicit series for ⌽ 2pc (), so no series extrapolation can be made here. Figure 16 also displays another small cusp or spike at lower , which occurs at the threshold energy where the triplet bound state T 1 merges with the continuum, i.e., where the structure factor diverges as shown in Fig. 12 . This position is marked by the arrow in Fig. 16 , for the case ϭ0.6. As →1, the T 1 threshold migrates towards ϭ0, and the logarithmic divergence there 36 at ϭ1 may be viewed as a relic of the T 1 bound state.
Note that the structure factor is dominated for →1 by kdϭ2, and so is the autocorrelation function. To get an idea of the multiparticle contributions to the dynamical structure factor at all wave vectors, we define the average relative weight, for a particular state ⌳, as
The series for the average relative weight for 2-particle states is given in Table III , and plotted as a function of in Fig. 17 .
Once again, we see that the average weight for the 1-particle state drops to zero as →1. The average weight for the 2-particle states has a sharp increase near ϭ1 which makes it difficult to estimate the results at ϭ1, but the result for the ratio W 2p /⌽ 2p is quite flat. Hence one estimates that W 2p remains substantial, at about 60%, as →1. This is smaller than ⌽ 2p , showing that multiparticle excitations are more important away from the antiferromagnetic wave vector kd ϭ2.
A priori, one might have expected that the average weights for 1-particle states, 2-particle states, etc., would all tend to zero as →1, with all the weight moving into manyparticle states. Instead of that, we find that the weight for the 2-particle continuum remains finite and large, comparable to or by some measures even greater than that of the 2-spinon continuum computed by Karbach et al.
36
IV. CONCLUSIONS AND DISCUSSION
We have shown in this paper how to calculate multiparticle structure factors and spectral weights to high orders in perturbation theory using linked cluster expansion techniques.
1,2 Applying these techniques to the case of the alternating Heisenberg chain, a detailed picture has been given of both the integrated structure factors, and the individual spectral weights for the 1-particle state, 2-particle bound states, and 2-particle continuum as functions of wave vector k. Continuing the series by means of Padé approximants or integrated differential approximants, good convergence is obtained from ϭ0 right up to ϭ1. Hopefully, it should be possible to test these predictions against experiments in the near future. 5, 6 The 1-particle energy gap and spectral weight at general momenta appear to vanish as →1, following the behavior predicted by Cross and Fisher, 11 and already confirmed numerically by Singh and Zheng. 23 This would seem to confirm the general notion that the triplets no longer form elementary excitations for the system at ϭ1. However, the 2-triplet spectral weight remains finite in the uniform limit and, in fact, appears to form the major part of the total spectral weight. 32 Schmidt and Uhrig 32 already pointed out that indeed the 2-triplet states carry a larger portion of the total spectral weight than the 2-spinon states, calculated by Karbach et al. 36 We also find that the 2-particle autocorrelation functions for triplets display singularities similar to the known singularities for spinons. 36 We find that clear precursors to many features of the twospinon continuum for the Heisenberg model are already evident in the two-triplet continuum of the alternating chain, such as vanishing weight at the upper end of the continuum, divergent weight at the lower end of the continuum, cusps in the autocorrelation function, etc. We have discovered an interesting result in that the logarithmic divergences at ϭ0 in the autocorrelation function of the uniform chain appear to be relics of the triplet bound state T 1 in the nonuniform chain. Our highly accurate calculations of frequency and wave vector resolved spectral weights should prove useful in understanding the spectral functions of real materials.
The crossover from elementary triplets to spin-half elementary excitations is quite different here than in the case of the J 1 ϪJ 2 Ϫ␦ model with J 2 /J 1 Ͼ0.24, where the uniform limit stays spontaneously dimerized. Affleck et al. 13 presented the following picture in the latter case. In the uniform limit, the spontaneously dimerized ground state is twofold degenerate, and there is a finite energy gap until a con- tinuum of soliton-antisoliton states is reached. Away from the uniform limit, the soliton-antisoliton states are confined by a linear potential, giving rise to a ladder of discrete states, which corresponds to the triplet excitations and their bound states. In the triplet language, on the other hand, the multitriplet bound states condense towards the single-triplet energy as the uniform limit is approached, to form a continuum matching the soliton-antisoliton description. Numerical evidence confirms this picture. 10, 13 The scenario appears to be quite different in the present case, where there is no next-nearest-neighbor interaction (J 2 ). Here the energy gap vanishes as ␦ 2/3 in the uniform limit. In the language of the Sine-Gordon model obtained by bosonization at small but nonzero ␦, 13,14,37 the low-lying spectrum is expected to consist of a soliton, an antisoliton, and a soliton-antisoliton bound state, forming a degenerate triplet, plus just one other soliton-antisoliton state at higher mass. Since the soliton and antisoliton are not confined, a soliton-antisoliton continuum occurs at higher energy. In the triplet language, the 1-particle triplet corresponds to the three degenerate states, and the singlet bound state corresponds to the higher-lying one. There is no condensation of multitriplet bound states; instead, the 2-triplet continuum drops down to match the spinon-antispinon continuum. The mass and spectral weight of the 1-triplet state vanish as the uniform limit is approached; and naively one might expect the same to happen for the 2-triplet, 3-triplet states, etc., leaving many-triplet states to correspond to the spinon-antispinon continuum. Instead, we have found that the 2-triplet states dominate the total weight in the uniform limit, in agreement with the work of Schmidt and Uhrig. 32 This is a peculiar and paradoxical feature, which argues that the triplet description remains at least as relevant as the spinon description, even in the uniform limit. The multitriplet states (nϾ2) still appear to carry only a tiny fraction of the spectral weight at ϭ1.
These findings call for further theoretical interpretation. Karbach et al. 38 have described the uniform Heisenberg antiferromagnet in terms of three different elementary excitations-magnons, spinons, and ''psinons''-each of which can be useful in different circumstances. None of these correspond to our dimer triplet excitations, however. Our work shows that a conventional picture, built as a perturbation around a trivial limit, can provide a highly accurate quantitative description of the system, when carried out to high orders.
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